Two-electron reduced density matrices ͑2-RDMs͒ and their energies have recently been computed accurately for singlet molecular states through the solution of the anti-Hermitian part of the contracted Schrödinger equation ͑ACSE͒ ͓D. A. Mazziotti, Phys. Rev. Lett. 97, 143002 ͑2006͔͒. In this work we directly solve the ACSE for the 2-RDMs of open-shell molecular systems in arbitrary spin states. This generalization is achieved by spin coupling the open-shell molecule to one or more hydrogen atoms to form a singlet composite system, which can be solved by existing ACSE algorithms. Advantages of the spin-coupled approach include: ͑i͒ applicability of the singlet ACSE algorithm to high-spin open-shell molecules, ͑ii͒ consistent treatment of arbitrary spin states that avoids spin-free or other approximations to the cumulant reconstruction of higher RDMs, and ͑iii͒ computational reduction in floating-point operations and storage from exploiting the singlet spin symmetry of the composite system. The ACSE energy of the composite system we showed is the sum of the open-shell energy and the energies of the hydrogens, and the open-shell 2-RDM can be readily extracted from the composite 2-RDM. With the open-shell ACSE method we calculate energies and natural-orbital occupation numbers for a variety of doublet and triplet open-shell molecules including potential-energy curves for CH, B 2 , N 2 + , and H 2 O + . The ACSE produces energies that are consistently more accurate than those from either multireference second-order perturbation theory or coupled cluster singles-doubles, and as with singlet states, it provides a balanced description of single-reference and multireference correlation, which is exemplified in its dissociation of open-shell N 2 + . Computed 2-RDMs nearly satisfy necessary N-representability constraints.
I. INTRODUCTION
In the 1990s the search for a direct calculation of the two-electron reduced density matrix ͑2-RDM͒ of manyelectron atoms and molecules was rekindled through research on the contracted Schrödinger equation ͑CSE͒ ͓1-11͔. Early attempts to compute the 2-RDM without the manyelectron wave function had been stymied by the need for constraining the 2-RDM to represent an N-electron quantum system, which became known as the N-representability problem ͓1,12-16͔. Colemenero and co-workers ͓2-4͔ in 1993 recognized that the CSE could be solved if its explicit dependence on the three-electron reduced density matrix ͑3-RDM͒ and four-electron reduced density matrix ͑4-RDM͒ was removed by expressing them as functionals of the 2-RDM, and in 1998 Mazziotti ͓7,8͔ systematized the reconstruction of the higher RDMs from the 2-RDM by developing a cumulant theory for RDMs. Applications of the CSE to molecular and spin systems were made by Valdemoro and co-workers ͓4,11͔, Nakatsuji and Yasuda ͓5,6͔, and Mazziotti ͓7-9͔. Research on the CSE also led to the development of complementary variational 2-RDM methods ͓17-26͔ in which the electronic energy is minimized with respect to a 2-RDM constrained by necessary N-representability constraints, known as p-positivity conditions ͓12,13,17͔.
In 2006 the anti-Hermitian part of the contracted Schrödinger equation ͑ACSE͒ was directly solved for the 2-RDM without the many-electron wave function ͓27-37͔.
Advantages of the ACSE in comparison to the CSE include: ͑i͒ its dependence on only the 3-RDM and ͑ii͒ its accuracy to one additional order of renormalized perturbation theory when its 3-RDM is reconstructed from the 2-RDM by cumulant theory. The 2-RDM in the ACSE can be initialized from Hartree-Fock theory or a correlated method such as the multiconfiguration self-consistent field ͑MCSCF͒ ͓32͔, and hence, the ACSE can capture both single-reference and multireference correlation effects. Applications of the ACSE have been made to determine the electrocyclic pathways of bicyclobutane to form gauche 1,3-butadiene ͓34͔, the relative energies of the cis and trans isomers of HO 3 − ͓31͔, and the activation energies of the sigmatropic shifts of hydrogen in propene and acetone enolate ͓36͔. For the electrocyclic and sigmatropic reactions the ACSE with the correct balance of single-reference and multireference correlation effects improves the barrier heights relative to traditional methods ͓34,36͔. Solution the ACSE, however, has been limited to molecules in singlet spin states. In the present paper the calculation of energies and 2-RDMs from the ACSE is extended to treat open-shell molecules in doublet and triplet spin states.
Open-shell systems constitute an important part of chemistry, both on their own and by their involvement in significant chemical reactions from combustion and atmospheric chemistry to medicine. Such systems, however, are more complicated than their closed-shell counterparts because ͑i͒ their ␣ and ␤ electrons can no longer be treated identically and more importantly, ͑ii͒ they tend to exhibit multireference correlation ͑also known as static correlation͒, meaning they are not well described by a single Slater determinant. Elec-* damazz@uchicago.edu tronic structure methods that cannot treat open-shell systems as accurately as closed-shell ones risk predicting poor energy differences in chemical reactions. A potential advantage of the ACSE for open-shell molecules is that, when seeded with an initial 2-RDM from a MCSCF calculation, it has been shown for singlet ground and excited states to provide a balanced description of both single-reference and multireference correlation effects ͓32,34,36,37͔.
The ACSE for singlet states is systematically extended to open-shell molecules by embedding these molecules within larger, singlet supersystems. Advantages of the spin-coupled approach include: ͑i͒ applicability of the singlet ACSE algorithm to high-spin open-shell molecules, ͑ii͒ consistent treatment of arbitrary spin states that avoids spin-free or other approximations to the cumulant reconstruction of higher RDMs, and ͑iii͒ computational reduction in floating-point operations and storage from exploiting the singlet spin symmetry of the composite system. Specifically, the open-shell system of interest is spin coupled to hydrogen atom͑s͒ at infinite separation, leading to a spin singlet with no spatial correlation between the open-shell molecule and the hydrogen. The wave function of the supersystem is spin entangled and strongly multireferenced because it cannot be described well by a single Slater determinant. Contracting a MCSCF wave function for the supersystem to a 2-RDM provides a good initial guess for the ACSE algorithm. At the end of the ACSE optimization, integration over the appended hydrogen orbital͑s͒ yields a 2-RDM corresponding to the original open-shell system, from which the energy of the target system can be easily calculated.
The rest of this paper is organized as follows: in Sec. II, we review the ACSE and describe in detail how open-shell systems are embedded within singlet supersystems. We also show how the open-shell 2-RDM may be extracted from the supersystem 2-RDM at the end of the ACSE calculation, enabling computation of the energy and properties of the open-shell molecule. Section III presents single-point calculations for a variety of doublet and triplet systems, comparing the ACSE results, both energies and natural orbital occupation numbers, to the exact ͑full configuration interaction͒ result, the mean-field ͑Hartree-Fock͒ reference, several flavors of coupled-cluster theory, and multireference perturbation theory. In addition, bond stretches are presented for both doublet and triplet systems in order to demonstrate the consistency of the ACSE energy across the potential-energy surface. Finally, Sec. IV presents concluding remarks and future directions for this research.
II. THEORY
In this section, after reviewing the theory of the ACSE method, we formulate an open-shell extension of the ACSE in which open-shell systems are spin coupled to hydrogen atoms to form singlet supersystems. In Sec. II C we demonstrate that the spin coupling does not affect the energy of the open-shell system. Finally, it is shown how the 2-RDM of the open-shell atom or molecule can be readily extracted from the 2-RDM of the supersystem.
A. Anti-Hermitian contracted Schrödinger equation
In second quantization the p-RDM may be expressed as
where â i † ͑â i ͒ is a fermionic creation ͑annihilation͒ operator that creates ͑destroys͒ an electron in spin-orbital i. Formally, p-RDMs arise from integration ͑or, in a tensor product space, contraction͒ over electrons p + 1 through N of the N-electron density matrix N D = ⌿⌿ ‫ء‬ . With Eq. ͑1͒ in mind, we can project the N-electron Schrödinger equation onto all twoelectron transitions from the wave function to obtain the CSE ͓1,3,6,7͔
If the CSE is segmented into Hermitian and anti-Hermitian components ͓27͔, both parts must vanish individually for Eq. ͑2͒ to be satisfied. The ACSE can be expressed as
where the square brackets indicate a commutator. While the CSE was derived by Cohen and Frishberg ͓38͔ and Nakatsuji ͓39͔ in 1976 , the ACSE was derived from the CSE by Harriman ͓40͔ in 1979; later in 1979 the ACSE was obtained by Kutzelnigg ͓41,42͔ who called it the generalized Brillouin condition. The ACSE enforces the set of hypervirial relations for all one-and two-body operators, which were developed by Hirshfelder ͓43͔.
Using the second-quantized definition of the Hamiltonian,
where 1 K represents the kinetic and nuclear attraction energies of a single electron and 2 V s,t p,q = ͗pq ͉ st͘ is an electronelectron repulsion integral in physicist's notation ͓44͔, the ACSE can be shown to depend on the 2-and 3-RDMs. The 3-RDM can be reconstructed from the 2-RDM according to its cumulant expansion ͓8,45-48͔
where ∧ denotes the antisymmetric Grassmann ͑or wedge͒ product ͓7,49͔. The term 3 ⌬, known as the connected ͑or cumulant͒ part of the 3-RDM, contains information not expressible as wedge products of the 1-and 2-RDMs ͓8,45-48͔. Following the multireference formulation of the ACSE, we set the connected part of the 3-RDM to zero ͓32,34͔.
Solution of the ACSE for energies and 2-RDMs of atoms and molecules was achieved by using the cumulant reconstruction of the 3-RDM to formulate a system of differential equations for an energy and its 2-RDM; the interested reader is referred to the literature for details ͓27-29,31,32,34-37͔. For the purposes of our open-shell implementation, it is only important to understand that the solution mechanism is an iterative procedure that entails evolving the 2-RDM from an initial guess ͑or seed͒ 2-RDM via a series of unitary trans-formations designed to lower the total energy and enforce satisfaction of Eq. ͑3͒. At each iteration, reconstruction is used to build 3 D and evaluate the ACSE. To treat multireference correlation, we obtain the seed 2-RDM from an initial MCSCF calculation. Among its advantages, this algorithm approximately preserves the N representability of the seed 2-RDM.
B. Spin coupling of open-shell molecules to form singlet states
Because the ACSE with an initial MCSCF 2-RDM can treat strong multireference correlation effects ͓32,34,36͔, ground-state energies and 2-RDMs of open-shell species can be obtained by the following prescription:
͑1͒ Spin-couple hydrogen atom͑s͒ to an open-shell wave function to create a singlet;
͑2͒ Contract the resulting wave function to a 2-RDM and use it to seed the ACSE;
͑3͒ Solve for the ground-state 2-RDM and energy of the composite system using the ACSE;
͑4͒ Extract the open-shell system's 2-RDM and energy from the composite 2-RDM.
Specifically, the target system's energy may be obtained by subtracting the energy of the hydrogen atom͑s͒ from the composite final energy, and the target 2-RDM may be obtained by careful consideration of the composite 2-RDM.
Consider an N-electron open-shell wave function ⌽͑N͒ represented in a basis of r spatial orbitals ͕ i ͖. For the moment, assume ⌽͑N͒ is a doublet, although we will later generalize the analysis to triplet and higher-spin multiplicity systems. The spin properties of ⌽͑N͒ are
where Ŝ is the three-component quantum-mechanical spin operator. To the basis of r orbitals, we append a single hydrogen 1s orbital at "infinite separation," meaning that the overlap of with any of the other r basis functions is identically zero:
Occupying with a single electron forms a doublet with identical spin properties to ⌽͑N͒. By stipulating that the unpaired electron in ⌽͑N͒ has an opposite S z eigenvalue from the electron in , we may use standard angular momenta coupling techniques to form a spin-singlet from the two doublet systems ͓50͔. The resulting ͑N +1͒-electron supersystem wave function is
where the ␣ and ␤ subscripts indicate the S z eigenvector on each subsystem and where the wedge product is necessary to ensure that ⌽͑N +1͒ is antisymmetric in all N + 1 particles. It is easily demonstrated that ͗⌽͑N +1͉͒Ŝ 2 ͉⌽͑N +1͒͘ =0. If ⌽͑N͒ is a high-spin triplet ͑S =1, M S = Ϯ 1͒, Eq. ͑9͒ must be generalized. The principle of appending hydrogenic orbital͑s͒ remains the same; the only difference is that the triplet case requires two hydrogenic orbitals 1 and 2 . Importantly, 1 and 2 are infinitely separated both from the target triplet system and from each other. Spin-coupling these orbitals to ⌽͑N͒ requires two steps. First, the hydrogen orbitals are coupled to obtain high-and low-spin triplet species
where the subscripts again indicate the individual spins of the two hydrogenic orbitals. The superscripts on the lefthand side of these equations indicate the S and M s eigenvalues, respectively, of the coupled wave functions. With Eqs. ͑10͒-͑12͒ in mind, a singlet supersystem can be formed as
Equation ͑13͒ requires three spin states of ⌽͑N͒. The highspin wave functions ͓⌽͑N͒ 1;1 and ⌽͑N͒ 1;−1 ͔ are simply the target open-shell system and its spin inverse, obtained by interchanging ␣ and ␤. The low-spin wave function may be obtained by operating on ⌽͑N͒ 1;1 with the lowering operator
Higher spin open-shell systems can be similarly treated by first coupling together an appropriate number of hydrogen atoms "at infinity," and then coupling the result to the target system with the proper Clebsch-Gordan coefficients in order to form a singlet state. The intermediate spin states necessary for coupling the wave functions may be generated with the spin raising and lowering operators. Since we only examine doublet and triplet systems in this paper, exact formulas for higher-spin systems are left to the interested reader.
C. Open-shell energy from the composite energy
Once a singlet wave function has been constructed, contraction to the 2-RDM is trivial. The ACSE solution procedure can then be performed as described in earlier work ͓27-29,31,32,34-37͔. However, for the spin-coupling procedure to be meaningful, the energy of the added hydrogenic orbital͑s͒ must be additively separable from the open-shell target system's energy both before and after application of the ACSE. We quantify this statement as
where the left-hand side represents the energy of the composite supersystem and the right-hand side is the energy of the open-shell species and the energy of the hydrogenic orbital separately.
We will briefly prove this claim for a doublet system with one appended hydrogenic orbital ; however, our analysis is easily generalized to the case of adding multiple hydrogenic orbitals. In this case, E is simply 1 K ͑i.e., it is simply a single electron in a single orbital͒. To break down the terms E N and E N+1 , consider the simplest expression for the system energy as a function of the 2-RDM obtained by taking the expectation value of Eq. ͑4͒:
Consider the structure of 1 K and 2 V after coupling in a hydrogenic orbital at infinite separation. Since the spatial overlap between and the remaining r orbitals is rigorously zero, the only nonvanishing electron integrals introduced to the supersystem ͑left-hand side͒ are 1 K and 2 V , , . Examining the two-electron term 2 V , , first, it is clear that this repulsion energy never enters into the left-hand side of Eq. ͑14͒ because the 2-RDM element 2 D , , is always zero. Since the 2-RDM is fundamentally a measure of twoelectron joint probability and since there is only one electron in spatial orbital at all times, 2 D , , must vanish. We are then left with only the one-electron integral 1 K . Again, due to the spatial separation of the hydrogenic orbital,
Therefore, the one-electron energy component of E N+1 always recovers exactly E , and Eq. ͑14͒ is confirmed. Similar analysis may be applied to systems that couple arbitrarily many hydrogenic orbitals. Importantly, the preceding analysis assumed no special structure of the 2-RDM other than the spatial separability of orbital . In other words, as long as the occupation of spatial orbital is unity, energy conservation equations like Eq. ͑14͒ hold. Our implementation of the ACSE preserves this property of spin-coupled 2-RDMs exactly. Specifically, the formalism applies a series of unitary transformations to the 2-RDM designed to minimize the energy and decrease the norm of the ACSE ͓Eq. ͑3͔͒ residual simultaneously. However, since there exist no Hamiltonian matrix elements connecting orbital to the rest of the system, the occupation of remains unchanged. As a result, the composite energy is additively separable both before and after application of the ACSE.
D. Open-shell 2-RDM from the composite 2-RDM
The ACSE procedure outputs both a final energy and a 2-RDM. In the spin-coupling case, this 2-RDM obviously corresponds to the composite, singlet supersystem. Therefore, it is important to be able to extract the RDM corresponding to the open-shell target system from the composite RDM.
Consider a doublet molecule that has been embedded in a singlet supersystem. In second quantization, we may delete the electron in the appended orbital from the composite wave function via an expression like
where the linear combination of spin annihilators is necessary because ͉⌽͑N +1͒͘ is a spin-entangled state. Matrix elements of the 2-RDM for ͉⌽͑N͒͘ are given by
where we have used the fermionic commutation relationships to move the operators for ͑both spin states͒ to the middle and exploited orthogonality of different eigenstates of S z to exclude the terms â ␣ † â ␤ and â ␤ † â ␣ . Note that the indices i, j, k, and l only correspond to orbitals on the original openshell molecule. Equation ͑17͒ may be interpreted two ways. First, it is evident that the matrix elements of the 2-RDM are simply linear combinations of the composite 3-RDM matrix elements. Alternately, the innermost operator products may also be interpreted as a number operator for the electrons in the appended hydrogenic orbital. Since the population of this orbital is always unity, Eq. ͑17͒ becomes
so that the target 2-RDM is in fact just a subblock of the composite 2-RDM. In the case of higher-multiplicity systems, Eq. ͑17͒ must be supplemented with number operators over the other appended hydrogen orbitals. However, since the population of each hydrogenic orbital at infinity is unity, independent of all others, Eq. ͑18͒ still holds and the openshell 2-RDM may be obtained as a subblock of the composite system 2-RDM.
III. RESULTS AND DISCUSSION
The open-shell ACSE is applied to an extensive list of first-row doublet molecules and several triplets at their equilibrium geometries ͑given by Ref. ͓51͔͒ as well as bond stretches for the doublet molecules N 2 + , CH, and H 2 O + and the triplet molecule B 2 . We compare the energy and naturalorbital occupation numbers from the ACSE with the corresponding values given by a variety of wave-function based methods, namely: open-shell Hartree-Fock ͑ROHF͒, secondorder multireference perturbation theory ͑MRPT2͒ ͓52͔, coupled cluster with single-double excitations ͑CCSD͒ ͓53͔, completely renormalized coupled cluster ͓CR-CC͑2,3͔͒ ͓54͔, and full configuration interaction ͑FCI͒. All comparative calculations were performed in the quantum chemistry packages GAMESS ͓55͔ and PSI3 ͓56͔, and for our ACSE calculations one-and two-body electron integrals and the initial MCSCF wave functions were also computed in GAMESS. Although Sec. II C proved that the energies of the added hydrogen orbitals are not relevant to the final results, for the sake of completeness we implemented as an exact Slater-type hydrogen 1s orbital; thus,
8 . Finally, except where indicated, all calculations were executed in a correlation-consistent polarized double-zeta basis set ͑cc-pVDZ͒ ͓57͔. Table I displays the FCI ground-state energy of 13 doublet molecules with errors relative to FCI reported for ROHF, MRPT2, CCSD, CR-CC͑2,3͒, and the ACSE. For some of the larger systems ͑roughly the bottom third of Table I͒, core orbitals had to be frozen in order for the FCI computation to be feasible; these same core orbitals were used at each level of theory for a strict comparison. Each ACSE calculation was seeded with a 2-RDM resulting from the MCSCF wave function of the open shell system spin-coupled to a hydrogen atom at infinite separation, as described in the preceding section. Active spaces of the open-shell molecules are reported in Table I as ͓X , Y͔ where X is the number of active electrons and Y is the number of active orbitals. In general, the MC-SCF and MRPT2 calculations used active spaces consisting of the highest occupied molecular orbital ͑HOMO͒, the next highest doubly occupied molecular orbital, and the two lowest unoccupied molecular orbitals ͑LUMOs͒ matching the spatial symmetry of the HOMOs. Exceptions to this active space selection occurred when energetic degeneracies prevented use of just one doubly occupied molecular orbital. For the ACSE these active spaces were supplemented with a hydrogenic orbital.
For the hydrogen-containing molecules in Table I the ACSE method yields ground-state energy errors that are at least an order of magnitude smaller than the corresponding errors from MRPT2. For three of the remaining four molecules the ACSE improves upon the errors from MRPT2 by a factor of 2-4, while for N 2 + the error from the ACSE is roughly comparable to that from MRPT2. The ACSE captures more single-reference electron correlation than MRPT2 because it incorporates many high-order contributions to the correlation through its cumulant reconstruction of the 3-RDM. Furthermore, the energy errors from the ACSE are consistently better than those from CCSD by at least a factor of two. Both the ACSE and CCSD have a similar scaling in floating-point operations of r 6 while CR-CC͑2,3͒, which incorporates a noniterative correction for triple excitations, has a scaling of r 7 . While in the cases considered here the CR-CC͑2,3͒ improves markedly upon CCSD, traditional coupled cluster methods generally do not treat strong multireference correlation, and for more complicated multireference systems, even the CR-CC͑2,3͒ approximation may not provide sufficient correction to its underlying CCSD calculation ͑for example, in the case of the rearrangement of bicyclobutane to gauche-1,3-butadiene the CR-CC͑2,3͒ method does not capture all of the multireference correlation in the biradical transition state of the disrotatory pathway and hence, predicts an activation energy for this pathway that is approximately 10 kcal/mol higher than the barrier from the ACSE method Two systems that demonstrate the advantage of the ACSE as the degree of multireference correlation increases, in comparison to similarly scaling single-reference methods, are BeF and N 2 + ͑given in the last two rows of Table I͒ . Both systems contain 13 electrons. In BeF, the total wave function is well represented by a single Slater determinant, with a leading FCI coefficient of 0.97. In this case, CCSD can be expected to perform relatively well, rendering an energy 4.3 mhartree above FCI. It so happens that for this system, the ACSE slightly outperforms CCSD, reporting an energy only 2.4 mhartree above FCI. On the other hand, the N 2 + system evidences greater multireference character, with a leading FCI coefficient of only 0.91. Partially as a result, CCSD reports an error relative to FCI of 21.7 mhartree that is more than five times worse than BeF, while the ACSE energy error of 5.5 mhartree is only about a factor of two worse than for BeF.
Because N 2 + possesses two-and-a-half bonds, it exhibits significant multireference correlation upon dissociation. In Fig. 1 both CCSD and CR-CC͑2,3͒ fail around 2 Å where the degree of multireference correlation becomes substantial while the open-shell ACSE yields an accurate potentialenergy curve throughout the bond stretch. In the FCI calculations only, the occupation number of the lowest core orbital on each nitrogen atom was set to unity ͑or frozen͒; to account for the effect of the frozen cores, the FCI curve was shifted by 1.51 mhartree, which was obtained from the difference between the CR-CC͑2,3͒ energy with and without frozen cores in the neighborhood ͑Ϸ0.1 Å radius͒ of the equilibrium geometry. The resemblance of approximate potential-energy curves to the FCI curve can be quantified by the nonparallelity error ͑NPE͒ defined as the difference between the maximum and minimum energy errors with respect to FCI. NPE is important because it indicates how well properties that depend on the shape of the potential-energy surface rather than its absolute energy are likely to be predicted-features such as vibrational frequencies. The NPEs of MRPT2, CCSD, CR-CC͑2,3͒, and ACSE are 12.62, 52.42, 56.55, and 13.43 mhartree, respectively. The MRPT2 method does not fail, but unlike the ACSE, it yields absolute energies that are significantly higher than FCI throughout the curve, especially in the intermediate bonding region. Table II presents the natural-orbital occupation numbers from MCSCF, ACSE, and FCI for two doublet molecules, OH and HF + . The natural-orbital occupation numbers are the eigenvalues of the one-electron reduced density matrix ͑1-RDM͒, and hence, they reflect the accuracy of the computed 1-and 2-RDMs. The ACSE's energy errors relative to FCI for these systems are −0.015 and 0.497 mhartree, respectively. For both molecules the ACSE occupation numbers agree with those from FCI to within one part in 1000. Not shown in the table are the ROHF natural occupation numbers, which are 1.0, 1.0, 0.5, 0.0, 0.0, and 0.0, in order of increasing orbital index. Importantly, the MCSCF, which seeds the 2-RDM in the ACSE calculation, produces occupation numbers that differ significantly from those of FCI, and hence, the ACSE correctly adds essential dynamic correlation. Table III displays the exact ͑FCI͒ energy and relative errors for several ground-state high-spin-triplet molecules. Frozen core orbitals were employed for B 2 and O 2 ͑1 and 3, respectively͒ in order for the FCI to be computationally feasible. As before, these orbitals were frozen at all levels of theory for a strict comparison. For the ACSE calculations, a MCSCF procedure was first applied to each triplet with an active space consisting of the two unpaired electrons, the highest doubly occupied molecular orbital, and the three LUMOs corresponding to the spatial symmetries of the HOMOs-a total of four electrons in six orbitals. Each MC-SCF wave function was then coupled to two hydrogen atoms at infinite separation. The ensuing solutions of the ACSE included the two hydrogen orbitals in the active spaces.
For the hydrogen-containing molecules in Table III the ACSE method yields ground-state energy errors that are at least a factor of eight smaller than the corresponding errors from MRPT2 while the ACSE improves the MRPT2 energy errors of O 2 and B 2 by factors of two and four, respectively. The ACSE energies are also consistently better than those from CCSD. As the degree of static correlation ͑i.e., multireference character͒ in the systems increases, the improvement over CCSD becomes more significant. The ACSE improves upon the CCSD energy error by more than a factor of four for O 2 . For B 2 , the most multi-referenced system in Table III with a leading CI coefficient of 0.867, the ACSE produces an energy error that is smaller than the error from CCSD by nearly a factor of four and equal to the error from CR-CC͑2,3͒.
The open-shell ACSE method is also applied to compute potential-energy curves of CH and B 2 in Fig. 2 and Table IV. Figure 2͑a͒ displays the ground-state ͑ 2 ⌸͒ potential-energy surface for CH. As the bond of CH stretches, the ACSE curve remains close to that of FCI while the single-reference CCSD begins to deviate. The NPEs for MRPT2, CCSD, CR-CC͑2,3͒ ͑not shown in the figure͒, and the ACSE are 5.65, ͑Color online͒ The potential-energy curves for the ͑a͒ CH radical and ͑b͒ B 2 triplet molecule are displayed, computed at several levels of theory. In both cases, the ACSE curve is close to that from FCI over the entire interval. TABLE IV. Ground-state energies are shown for the H 2 O + ion at several lengths of the symmetric O-H stretch. The bond angle is fixed at 109.28°, while both bonds are systematically extended in multiples of the experimental equilibrium distance, R e = 0.9972 Å. At the longest bond length tested, the ACSE outperforms CR-CC͑2,3͒, likely due to multireference character in the ion's wave function. 7.27, 3.12, and 1.43 mhartree, respectively. The ACSE, providing a balanced description of static and dynamic correlation effects, displays the most consistent accuracy throughout the potential-energy curve. We also examine in Fig. 2͑b͒ the bond stretch in the 3 ⌺ g − ground state of diatomic boron B 2 . This molecule is interesting due to the shallowness of its potential-energy surface as well as a wealth of low-lying excited states. As in the CH stretch, the ACSE displays significant decreases in absolute energy error and NPE relative to MRPT2 and CCSD. The NPEs of MRPT2, CCSD, CR-CC͑2,3͒ ͑not shown in the figure͒, and ACSE are 16.06, 9.50, 5.25, and 7.03 mhartree, respectively. Table IV presents the symmetric stretch in the H 2 O + ion, a doublet system of B 1 spatial symmetry. In order to treat the orbitals properly as the hydrogen atoms separate from the oxygen, we extended the active space for the seed MCSCF calculation to five electrons in six orbitals. As the bond length grows, the ground-state wave function becomes increasingly multireferenced which causes the error in CCSD to increase significantly. The accuracy from the ACSE, however, remains fairly consistent with bond length and agrees closely with that from CR-CC͑2,3͒.
In Table V for the doublet and triplet molecules, NH − and CH 2 , in cc-pVDZ, cc-pVTZ, and cc-pVQZ basis sets ͓57,58͔ we study the variation in the accuracy of the ACSE with the rank of the one-electron basis set. In earlier work ͓29͔, in which the ACSE was initialized with a Hartree-Fock 2-RDM and the 3-RDM reconstruction included the NakatsujiYasuda correction, it was observed that, as the basis-set size increases, the amount of correlation energy recovered by the ACSE increases relative to the amount obtained by coupled cluster methods. For both molecules in the table, the correlation energy from the ACSE grows relative to the correlation energy from CCSD with basis-set size. For the cases shown in Table V , the ACSE correlation energy remains above that from CR-CC͑2,3͒.
As for singlet states, the final 2-RDMs from the ACSE for open-shell molecules in doublet and triplet spin states nearly maintain the N representability of the initial 2-RDMs. To assess the N-representability of the 2-RDMs, we examine their satisfaction of a set of important, necessary N-representability constraints known as the two-positivity conditions ͓1,13,17,19͔. In the two-positivity conditions three metric matrices of the 2-RDM, denoted as 2 D, 2 Q, and 2 G matrices, are restricted to be positive semidefinite where a matrix is positive semidefinite if and only if its eigenvalues are nonnegative. The 2 D, 2 Q, and 2 G metric matrices correspond to the probability distributions for finding two particles, two holes ͑where a hole is the absence of a particle͒, and one particle and one hole, respectively; the 2 Q, and 2 G matrices are readily computed by linear mappings from 2 D ͓1͔. Table VI reports the lowest eigenvalues of the 2 D, 2 Q, and 2 G matrices normalized to N͑N −1͒, ͑r − N͒͑r − N −1͒, and N͑r − N +1͒ that were obtained from the ACSE 2-RDMs for NH − and CH 2 in cc-pVXZ basis sets for X = D, T, and Q. The magnitude of the eigenvalues are 1000 times smaller than the largest eigenvalues which are on the order of unity, save for the largest eigenvalue of 2 G which is on the order of N. These results are consistent with those found for 2-RDMs from the ACSE applied to both ground and excited singlet states ͓27-29,32,34,37͔. Importantly, Table VI demonstrates that the N-representability errors do not change appreciably with the size of the basis set. 
IV. CONCLUSIONS
The direct calculation of the 2-RDM without the manyelectron wave function by solving the ACSE has been generalized for the treatment of open-shell atoms and molecules in arbitrary spins states. Molecules in both doublet and triplet spin states are treated in detail. Theoretically and computationally, the extension to higher spin states is achieved by coupling the spins of the open-shell system to form a composite singlet system, which can be solved by previously developed, efficient ACSE methods. The spin coupling, explained in Sec. II B, is accomplished by standard techniques in the treatment of coupled angular momenta. We proved in Sec. II C that, because the open-shell system is coupled to hydrogen atoms that have no spatial overlap with the system or each other, the solution of the ACSE yields a total energy for the composite system that is the sum of the energy of the open-shell system and the energies of the hydrogen atoms. Furthermore, it was shown with second quantization in Sec. II D that the 2-RDM of the open-shell atom or molecule can be readily extracted from the computed composite 2-RDM.
The spin-coupled approach to computing open-shell molecules with the ACSE has several important practical advantages. Because the approach separates the generalization to open-shell molecules in arbitrary spin states from the ACSE algorithm itself, it ͑i͒ simplifies the design of the ACSE algorithm and ͑ii͒ unifies ͑or makes more consistent͒ the treatment of arbitrary spin states. The solution of the ACSE need only be implemented for atoms and molecules in singlet states. Complicated spin-free or other approximations to the cumulant reconstructions of higher RDMs are not necessary. The cumulant reconstruction adapts itself to arbitrary spin states implicitly and consistently through the spin coupling of the system and hydrogens in the initial 2-RDM. Consistency can be particularly important for studying dissociation or excitation processes by which a molecule changes its spin state. Finally, the spin-coupled approach has ͑iii͒ a computational advantage in floating-point operations and storage. The ACSE method scales in floating-point operations as r 6 , where r is the rank of the one-electron basis, because the 2-RDM scales as r 2 and applying the series of unitary transformations to the 2-RDM is a ͑r 2 ͒ 3 = r 6 operation. Since 2-RDMs of singlet systems can be spin adapted into noninteracting singlet and triplet blocks of dimensions r͑r +1͒ / 2 and r͑r −1͒ / 2 respectively ͓59͔, using spin-adapted 2-RDMs can decrease the storage of the ACSE algorithm by a factor of 4 and improve its performance by about a factor of 8. This improvement in scaling, however, is possible only for singlet states, which means that using the closed-shell counterpart of an open-shell system offers an efficiency increase even though the rank of the one-particle basis increases slightly with the number of appended hydrogenic orbitals.
The present spin-coupled approach to solving the ACSE is possible since the ACSE method can incorporate multireference correlation without affecting the accuracy of the resulting energies and 2-RDMs. The spin coupling of the hydrogens produces a highly correlated composite system with two or more half-filled spin orbitals, and yet, because the ACSE does not contain any explicit dependence on a reference wave function, it can directly treat the spin entanglement through an appropriate 2-RDM guess from a MCSCF calculation. A related spin-coupled approach was previously examined in the context of the variational 2-RDM method ͓60͔. The ACSE method for open-shell systems, however, is quite different from a previous extension of the CSE to such systems ͓7,61͔ because of the general differences between the CSE and ACSE methods ͓1͔ as well as this work's recasting of open-shell problems as singlet problems by spin coupling. In general, a spin-coupled approach cannot be easily adopted for most electronic structure methods because the spin entanglement is not well described by single-reference wave functions, and hence, these methods often require extensive changes in the underlying algorithms to treat both closed-and open-shell molecules.
Application of the generalized ACSE method has been made to a variety of open-shell molecules in both doublet and triplet ground states. For hydrogen-containing molecules the ACSE improves the accuracy from MRPT2 by an order of magnitude on average while the accuracy of other molecules is improved by a factor between 2 and 4. The ACSE also yields natural occupation numbers for the radicals OH and HF + that agree with those from FCI to less than one part in 1000, which represents a significant improvement from the occupation numbers from MCSCF. Furthermore, as in the calculation of singlet states, the ACSE yields 2-RDMs that are nearly N-representable, as seen from their small deviations from the well-known 2-positivity conditions. Also, the energy errors from the ACSE generally lie between those from CCSD and CR-CC͑2,3͒. The CCSD and ACSE methods have a similar computational scaling while CR-CC͑2,3͒, which includes a correction to CCSD for connected triple excitations, has an r 7 scaling. Even though the coupled cluster methods, especially the CR-CC͑2,3͒, yield accurate results for many of the open-shell molecules studied here, the ACSE method can be significantly more accurate in the presence of strong correlation effects, as seen in the dissociation of N 2 + . Other striking examples of the ACSE's advantage in treating multireference correlation have been observed in calculations of singlet biradicals in electrocyclic and sigmatropic rearrangements ͓34,36͔.
The calculations in this paper focused on open-shell molecules in ground doublet and triplet spin states, but the ACSE has also recently been extended to singlet excited states ͓37͔. The combination of the present research with the excitedstate work will produce a powerful tool for treating ground and excited states of arbitrary spin states. In general, excited states are more strongly multireferenced than their corresponding ground states, and hence, the ability of the ACSE to treat both single-reference and multireference correlation becomes increasingly important. Furthermore, in contrast to many existing methods that compute excited states by linear response theory, the excited-state ACSE method will yield both energies and 2-RDMs for each of the ground and excited spin states. Future work will explore these possibilities in greater detail. In summary, the extension of the ACSE for computing 2-RDMs of open-shell molecules in arbitrary spin states via a spin-coupling formalism represents a significant generalization of the ACSE method with applications to strongly correlated open-shell quantum systems in chemistry and physics.
